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Proface

The purpose of this study was te investigete ths usse of e split-
path nonlinear {SPAN) filter, & concept developed by the Douglas Air-
craft Company, to compensate various selected simple control systems
and compsre the results with those obteined by lines: compensation.
If favorable results were cbtained with the SPAN filter, I had also
planned to investigate its application to a complax control systeam.
However, in my opinion, thes results obtained with ths simple control
systems did not warrsnt the investigation of the application of the
SPAN filter to & complex control satem.

I would like to gratefully acknowledge the hslpful comments and
suggestions of Profeasor John J. ['Azgo, my Faculty Thesis Advisor,
Captain Robert R. Renkine, my Theris Sponsor from the Air Forsce Flight
Dynamics Laboratory, and lfr. Bernurd J, Doody from the Directorate of
Systems Dynamic Avrslysis, Systems Engineering Group. I would further
1ike to thesnk Professor D'Azszo for his thorough review of the manu~-

script.
John A, Tondl, Jr.
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Abstrast

Uoe of & split-path pondinsar (SPAN) filter, a concept of the
Douglas Aircraft Company, for compensating oontrol syatems is in~
vos’ . .ted by analog computer and the results are comparsd with thoss
cbhtainsd with linsar compensating filters. Comparisons srxe mads of
the respouses of four systema tu step, ramp, and sinusoidal inputs
using the TTiE (integral of tims mltiplisd by the absoluie value of
exyor) am tae criteriun for judging performance. wmmud aystem
sansitivity to gain variations im slaso investigsated. Usa of the SPAN
filter as a compensator showed litile or no over-all improvemsnt com-
pared ¥ith that obtained with a less complsx linsar filtar,
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INVESTIGATION OF A SPLIT-PATH NONLINEAR FILTER

I. Introduotion

Statement of the Problem

The interdependence of the phase and gein characteristics of
linear filters is generally in conflict with the desires of the con-
trol engineer. The concept of the split-path nonlinear fllter as
developed by the Douglas Aircraft Company is to provides & devics with
independent control of gain and phass that may have wide application
as a control system compensator. The Douglas Aircraft Company refers
tc this device as the SPAN filter and this notation will be used
throughout this report. The purpose of this study is to inwvestigate
the use of the SPAN filter for tbs compensation of various control
systems and to compare the results with those obtained with linear

compensating filters,

Basis for Study
The basis for this study is the proprietary information contained

in an unsollcited pivposal submitted tc¢ ths Air Force by ths Douglas
Aircraft Company which is listed as reference 2. Another paper writtsn
on the SPAN filter, which becams available to the author after ths

writing of this manusciipt, is listed as referances 3.

Background Information

The concept of improving the performance of control systems by
the inclusion of noniinsar elements and effects originated about 1950

(Ref Lilili6). Since that time, consideralbile effort has been axpended

D
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in this aroa. Severel types of nonlinear compsnsators, which have im-
proved the psrforasncs of certain systems, can be found in the litex-
atwe. Howvar, eiach of thess nonlinear compensators was dssigned to
improve the performanve of & partioular system which contained a spe-
oific nonlinearity such as backlash, hysterssis, and saturation.

Thesa nonlineer compsnsators ave limited in application to & restricted
nusber of systems in that the advantages achisved with a particular
design are accompsnied by certain disadvantages or limitations.

i ‘
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II. Theoretical Analysis of the SPAN Filter

Desoription of the SPAN Filter

A block dlagram of the SPAN filter i1s showm in Figure 1. The
device processes the input through two separate branches or paths and
takes the product of the two resulting signsls. The concert of opera-
tion of this filter is that ths branch containing tha bistable elemsnt
controls the phase of the ocutput signal and the branch containing the
atsolute valus function controls the magnitude of the output signal
(Ref 2:3). The cutput of the bistable elemant is +1 when its input
is positive and -1 when its input is negative. As magnitude and phass
rre controlled in separete branches, independsnce of these two cusx-
acteristics should result to st least somes degres. 7This would be ad-
vantagsous compared with linear fiiters since the magnitude atiemuatiorn

{
, ' '
O e LA
(LINEAR FILTER) FUNCTIOH
(] [ PR,
~in_ MULTIPLIER -0ud |
T
F} j
' BISTABLF | |
(LINEAR FILTER) ELEMENT | gign of
Fl X ‘1)1

FIGURE 1

BLOCK DIAGRAM OF STAN FILTER ;
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over & specifiad frequensy renge provided by & linesr lag natwork is
also adcompanied by a pbase lag and the phase lead over a specified
frequemcy rangs provided by a linear lsad network is acocompanied by a
magnitude gain (Ref 2:3).

A better understanding of SPAN filter operation can be obtainsd
hy processing & sinusoidal wave through the filter. Consider a SPAN
filtsr vhere the linsar filter Py is a lead network and linear filter
F, is & unity gain. The signals throughout the SPAN filter will have
the form shown in Figure 2. The fundamental component of the output
signal will lead the input signal. The peak amplituds of the output
sigral is unchanged, but ths fundamental component will be attenuated
slightly becauss of harmonic gensration (Ref 2:4,5). Figure 3 shows
the signals throughout the SPAN filter when Fy 1s a lead nstwork and
Fp is a lag network. It should be noted that the sinusoidal wave is
"shoppsd" by an amount equal to ths numerical sum of the phase shifts

in both branches.

Analysis of the Csin and Phase Cnaracteristics

The bistable alaxent branch of the SPAN filter destroys all mag-
nituds information while maintaining the phase information. The in-
formation from the absolute wvalue bramch, howsver, will includs phasze
shift as well as magnitude if the linear filter Fp is something other
than a unity gein network (Ref 2:h).

Fourder analysis wes used o anslyse the gain and phase character-

1stios of the SPAN filter for a sinusoidal input. The output of the
SPAN filter was expsndad 1a s Fourlar series of the form
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a0

£lwt) = E Cp sin(owt + 4 ) (1)
n=

where C,, and g, are the smplitude and phase of the harmonic respective-
ly. The ocutput of the SPAN filier has half-wave symmsiry end thercfare
contains no oven harmonics (Ref 7:328).

Two configurations of the SPAN filter wsre exsminod. In the first
cass, F; was a load network and Fp & unity gain, In the other case,
F; was a lead network and F, was a lag network, Circuit diagrams
&rd trenafer functions of the lead and lag netwarks used throughout
this study are shown in Figure 19, Appendix B. A detailed diacussion
of this particular Fourier series is contained in Appendix A while
amplitude and phase dats for several of the harmonics sre tabulated
in Table I.

It should be noted that the amplitude of each harmonic is the
same &8s lobg &8 the numerical sum of the phese shifts in both branches
has the same value. However, tLe phase angle of each harmonic changes
as qifferent combinations of lag and leed networks are used to obtain
& given numerical sum of the phase shifts in the two branches. Thare-
fore, obtaining a given phass chift from Fl alone produces a larger
phase angle for the fundsmental frequency of the output than when a
given phase shift is obtained by use of filters for both Fy and FZ’

It is also important that, unlike most nonlinear compensation schemes,
the phase-gain characteristics of the SPAN filter are not amplitude
dependent,

The harmonic content of the SPAN fllter can be quite large, For

example, when the umount of phase shift from both F; and F2 equals
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TABLE I
HARMONIC CONTENT OF SPAN FILTER OUTRUT

Harmonics
Shift 1st >rd 5th Tth
Fﬁ‘ _Eéb Anp® |Phase? | Amp |Phase | Amp |Phase | Amp |Phase

10° ° 0°1 0.99 1 0.02| 110 | ¢.021 123 | 0.02| 137
20° | 09} 0.98 4 C.07| 130 | 0.07]| 157 | 0.06}-176
26 1 0°|0.97 7 0.11| 140 | 0.20] 174 | 0.09}-152
3001 02| 0.96 10 0.16] 150 ! 0,14|-169 | 0.12]-12
40°} 0°]0.91 17 0.26] 170 | 0.21{-134 | 0.15]- 7

50° | o°}0.84 26 0.37}-170 | 0.26!~ 98 | 0.15]- 17
60° | 0°]0.77 38 0.48|-250 | 0.28|- 60 | 0.14] 60
ggg o | 0.70 52 0.56 |-130 | 0.26}~ 17 | 0.16] 130

o° | 0.66 70 0.62|-110 | 0.23| 32 |0.19]|-151
'90° | 0°]0.64 Q0 0.641- 90 |0.22] 90 |o0.21]- 90

20° |20° j0.91 |- 3 0.26} 150 | 0.21]-254 | 0.15|- 94

40° { 20° | 0.77 18 0.481-170 | 0.28}|- 80 |o.14{ 40
60° | 20° | 0.66 50 0.621-130 | 0.23| 12 |0.19]-171
80° | 20° | 0.66 90 0.621- 90 | 0.23] 128 | 0.12]- 49
20° ,40° |0.T7 |- 2 0.481 170 | 0.28]-100 | 0.141 20

400 0066 30 0062 '150 0.23 - 8 0019 169
60° | 40° | 0.66 T0 0.621-110 | 0.23} 108 | 0.19}- 69
80° {40° | 0.77 | 102 0.48}- 70 | 0.28}1-160 | o0.14} 80
20° 160° [0o.66 | 10 |o0.62]-170 | 0.23]- 28 |o0.19] 149
40° 1 60° | 0.66 50 0.62-130 | 0.23] 88 |0.19]- 89
60° | 60° | 0.77 82 0.481- 90 | 0.28}] 180 | c.14] 60
80° {60° {0.91 | 103 0.26 - 50 | v.21]-106 |0.15]-166
55° 155° | 0.70 73 0.56 |-105 | 0.26] 142 | 0.16]~ 14
g0° |65° 10.97 | 173 0.1}~ 25 |0.20)- 59 | 0.09]~ 93
90° 190° 11.00 | 180 0.CC 0 | 0,00 ¢ |0.00 0

8Lead phase shift obtalned from linear filter Fy
PLag phase shift obtained from linear filter Fs

®Auplitudes of harmonics based on a SPAN rilter output
with: & peak value of unity

dPhase angle of harmonlc rounded off to nearest degres
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9C°, the magnitudes of the 3rd, Sth, and 7th harmonics are 1.0, 0.33,
and 0.33 of the fundamental respectively. Also, the 5th harmonic 1s
f{n phese" with the fundaxental. Unless the plant being compensated
greatly attemiated the highsr order harmsnics, the control system out-
put couid be quits distorted. X

Figure L i1s a plot of attsnuation of the fundamantal compared to
the amplituds of the output signal versus the nuvmerical sum of the
phass shifts in both branches. A maximm asttemuation of 3.92 & oc-
ours at a phass shift of 90°.

From the above analysis ons can concluds that the first harmonis
gd.nra.nd phase characteristics of the SPAN filter are almwst independ-
ent vhen a linsar filter is included only in the biatable element
branch. The degree of indspendance is reduced whem a lag network is
ussd for F, as the phase shift of filter Fp is accompanisd by & mag-
nituds attentustion. However, this degree of phase-gain indspendsnce
is not without penaity in that the SPAN filter output has s high har-
monic content.

Selection of a SPAN Filter Configuration
In the previous section, the SPAN filter was discussed In two

configurstions: (1) Fi a lead network and F, unity gein, and (2) Py
a lead network and F; a lag nstwork. Two other configurations could

be obtained by reversing the roles of Fq and Fp. If Fy were 3 lag
natwori and 7 were either a unity gain or lsad network, the funda-
mental of the output would lag the input. This configuration msy
have application but was not investigated dwuring this study. It was
assumsd that ths response of the plants studied could be best inproved

27 AR
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ATTENUATIOR (DB)
o
SESNRSENE
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o° 450 90° 135° 180°
SUM OF Fy & Fp PHASE ANGLES

FIGURE &
EFFECT OF Py & F, PHASE ANGLES OF THE AMPLITULE
OF THE FUNDAMENTAL FREQUENCY OUTPUT OF THE S8PAN FILTER
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with the generation of & lsad angle by the SPAN filter, that is, by
moving the 180° crossover point to a higher frequancy.

Other possible configurations using simpls linear lead or lag
petworks couid be obtained by ueing two lsad or two lag nstworks for
both F1 aad Fy. In eithsr cass, no advantage would be achieved. If
F1 and F2 ars the same type of network but not identical, the result-
ing phase angle of the fimdamantial componant of ths SPAN filter output
will be less than that obtainmd when Fy 18 a lsad or lag mstwork and
Fz is a unity gain. If F; and F2 are the same identical nstworks, the
output of ths SPAN filter will hs exactly the =ame a3 that obtaimed
from-a linsar componsating filter. This was verificd on the anaiog
computer snd no furthsr investigation was made on these two configurs-
tions.

The SPAN filter with Fy as a 1lsad network and Fp as eithar a
unity gain or lag network were ths only configurations chosen for
analog computsr study.

Deucribing Functions

The describing function is a linesar "approximateliy sgquivalent
transfer function® which is umed for sporoximating the effect of &
ponlinsar elemant or characteristic. This approximation 1s mads in
tis frequency domain by defining ths describing function in terms of a
Fouwuler series for the respuoss of the nonlinear elemsnt to a sinu-
scidal input. The definition of the describing function requires that
the d-¢ term of a Fourler ssrisr be squal to sero snd that all har-

monics othsr than the fundamantal be negligible (Ref 91139,146). Using

RSt 0 b asns oo
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the notation of eqation (1), ¢the dwsoribing funciion is given by

Op(Je) = f_lzg;. (2)

where the input to the nonlinear component ia A sin wt,

In Tubls I it was shown that, for a sinuscidal inpuc, the har-
monics in the output of the SPAN filter ars not negligible when the
nuerical sum of the phaze shifts obtainsed from Fy and Fp 1s beilwsen
25° and 155°. This Table also shows that the phase angles of the
fundsmental frequsncy of the SPAN filter output, for the phare shifts
of 25° snd 155° mentioned above, are 6.7° and 173.3° respectively.

In the majority of possible SPAN filtsxr applicatlons, the deaired
phase angle of the fundamental will probably lie within these limits.
Consequantly, a dsscribing function caleuwlated by the ubove method
would ba of doubtful value.

* In spits of their doubtful validity, describing furnctions were
caloulated for ths SPAN filter in the two conflguvratlions chosen for
analog computer gtudy. It was hoped that Ybaillpark" wsxlues would be
cbtained for the time constaats of the linear lead and lag networks
for the purpese of optimizing plant response using the SPAN f{ilter,

For s given phase shift obtained from the SPAN filtur, the dea-
eribing Aunction will have a2 magnitude and phase and will appear as a
point on a log magnitude-sngle dlagiam or Nichols chart. Aa the phase
shift obtained by both the linear lead and lag nstworks is a function
of frequency, the desoribing function was plotted a8 a function of wl.

The first desoxribing function was claculated for a SPAN fiiter
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with F) as a leod network sod Fp ae unity gein, The lesd network nsed
hea & transfer function

Go(jw) = A+ Dl (3)

1+ jO.1wT

The maximum yhess shift cttalnable from thls particulsr lead aetwork
e approximstely 55°. A Nichols chart of this desoribing funetion
plottad a5 «1/Gy, appears in Figure 5. Each point of tbis curve is the
stability point (psusdo 180° croesover point) for a perticular valus
of w¥. The stability peint 1s seen to have a maximuw dilplncnﬁnt at
v = 3 vbere -1/G, = 1.8idb /2287,

The first trial valus of the time constant to give yptimum perfor-
miance for & particular pisat of aystem was calcrlated by determining
the frequency at which the uncompenssted plaat had a phass angle of
~23.8%, It is shown in Part IV of this report that this proccdure
cams within 8 factor of 2 ar 3 of the desired tims constant. Although |
not perticularly acourais, it did provids e etarting point for an
enulog computer study. This procedure has no applicstion to a plant
such xa K/s*, The final netwark F, used in the SPAN filter vas ad-
justed by trisl and error until the best system performance was ob-

. tained,

Other describing fuactions were caiculated for the SPAR filier
vhen F; vwas a leed netwark and F, vas & leg network with a transfer

function

Go(dw) = A+ il (4)
1+ jowT

where o is the pole-nro;'ratm and is greater than 1. These describ-
ing functions vere determinsd to be of nmo vaius for selscting the

13
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linsar filter network time constunts. This result was anticipated &s
the harmonic content of the SPAN filter output is high for this oon- &
figuraticn. No data for these desoribing functions is included in !

thls rsport.

15
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IIT. Anslog Computer Analysis of the SPAN Filter

Mothod of Aalywis

The purposs of this mslog somputer ntw was to obtain closed
loop sywtem response data for both SPAN filter snd linear filter com-
psnsated wnity feedback systems. The ITAE (integral of tims multiplied
bty the abaclute walue of error) was chosen as thooritor:l.oxibyvdxich
to evaluzte both lingar and SPAN filtexr compensated systems for opti-
ma psrformance to a step function input. It is one of the better
over-all figares of merit for a serc steady-state step error system
(Ref 13587).

Ramp and sinusoidsl inputs were slso used io determine how well
both the optimised SPAN and linear filter compensated systems followed
time varying signsla. The final check made on each compensated system
was to determine its ssmsitivity to gain variations. This was ac-
complished by using step funstion inputs and cbtaining the ITAE valus
for different valuss of system gain.

The linsar compensating filter used during thia study was a lead-
lag ocompensateor with a transfer function of

G (s) = (1 + Ty8)(1 + Ton) (5)
+ 18)(1 + 0.1T,s
This filtexr was chosen as it has the advantages of both the lead and
lag coupsnsatore and is therefore ome of the better linear compensators
(Rof 1:k452).

The Model 16-31R Elsotronic Associates, Inc., Analog Computer

located in Building 57, Arsa B, Wright-Patterson AFB, Ohio, was used

16
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for this atudy.

Imposed Restricotions for Computer Analysis
The pole-sero ratios in both the lsad and lag nestworks ussd in

the SPAN filter wers limited tc a maximum valus of 10. This was alsc
the valus used for tha pole-serv ratio in the linear lead-lag filter.
The renges of alphs were therefors limited to 1 %¢; < 10 and
0.1<%; £1.

The simusoidal irputs were restricted to the range of 0.5 to 10.0
radians/second, This is a typical renge of input frequencies to & me-
chanical control systeam.

The ITAE used as the optimm performence criterion is a tine
weighted function which increasingly penaltises system errors as time
progresses. Dus to the long time constants normally assocoisted with
lag networks, a oconsiderable amount of tims can elapse before the
orror is reduced to sero. In order to reduce the tims required for
the output of the circuit simulating the ITAE functlon to reach some
steady-state valus, ths input of ths ITAE circuit was modified so that
the integration stopped when thes error signal became less than a pre-
selected value, This valus was established at less than 2% of the
system steady-stata output. Within this limit, it was varied slight-
ly from systeam to system, but cnoce selected for a smystem, it was held
constant regardless of ths compsnsating filtar used.

Desoription of Test Plants Used
Four different plants were compsnsated with both the linsar lsad-
lag and SPAX filters during the analog computer simulation. Each was

17
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suffioclently different from the other thres oo that ths SPAN filter's
spplication to & varfely of systsms might be investigated.

The four baric ity feedback systems chosen for this investiga-
tion hawe the following forward trensfer functions:

%) = (@)

[ '&m

(9)

=) a(s + 11[7(3 +2)

Oy = £ (10)
(o) 8(s2 + 8 +U)

G, = K(10 -

(8) " a2t ()

The first system listed is unstable for all valuss of gain. Ths second
and thixrd systems are stables but have unsatisfactory transient re-
sponses. Also, both systems become wnstable at relatively low values
of gain. The second system has ite opsn loop poles on the real axis
whareas the third system has a pair of complex poles located close to
the imaginary axis. The fourth system differs from the other three in
that it is 2 nontminimum phase systsm, having a sero in the right-half
of the s~plane. This system i2 covered in referece 2 and therefore
servas to correlats the results obtained in this study. The unsatis-
faotory system responss of this systea for a step function input has
both an undershoot, due to the serv in the right-half plane, and an
overshoot. The root loous of each of ths four systems must be reshaped
to improve system stability and/or transient response.

18
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Step

FIGURE 6
BLOCK DIAGRAM OF ANALOG COMPUTER
SIMULATION FOR UNITY FEEDBACK SYSTENMS

Analog Computer Simulation of the Unity Fesdhack Systems
A block diagrsam of the anglog computer simulation for ths unity

feadback systems im shown in Figure 6. Anglog computer circuits for
the four plants, the linsar lead-lag filter, the SPAN fiiter, and
the ITAE function were designed by the author and are coataived in

Appendix C., Design of the four plants was siraightforward and will
not ba discussed. However, soms dlscussion is in order for the sim-
ulation of the ITAR function, the SPAN filter, and the linsar lead-lag
filter.

Although tho design of the ITAE circuit, ahown in Figure 22, was
straightforward, the modification to the circult that was msntioned
previoualy will be discussed. Function reizy #2 was incorporated to
naks the error input to the multiplier sero wvhan ths error became
less than 2£ of the system steady-state output. The function relsy

19
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dogio is suoh that if the algebreic sum of the two relay inputs is
positive, the relay is up, and if the algebraic sum is negative, the
ralay is down (Ref 8:35). One input to relay #2 is the output of the
absolute valus fumction circuit which £8 always positive and the other
input is connsoted to the output arm of a potenticmetar with a naga-
tive voltage applied. As & result, when the magnitude of the woltage
output of the absolute velve circuit is less than ths magndtuds of the
potentiomster voltage, the input to one-half of the multiplisr will be
sero or grouvnd.

References 5 and 6 were oonsulted for possible circuits that
could bs used for simalation of the linear lead-lag filter. The un~
desirable feature of the given circuits was that more than one poten~
tiomster had ic be adjusted Yo effsct & change in one parameter. It
was oconsidered deamirable to obtain a circuit in which each variable
parssster could be controlled by a single potentiometer. This would
simplify the process of changing s paramster valus and because of
this simplicity, improve cocuracy. The desired circult was achieved
and is showm iu Figure 23. This redustion in the mmber of potentio-
msters was also applied to tho design of the lead and lag networks
included in the SPAN filtexr simulation.

When the basioc design of the SPAN filter simulation was tried on
the analog computer, it was cbserved that the filter output was not
sero for a sero input, By apalysing the circult it was discoverad
that the single relay originally used to simulate the biatable alement
would oscillate or chatter when the error input approached sero. This
relgy chatter was alternately applying plus and mimis 100 wlts input
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to one-half of the multiplier whioch was sufficient to cavse the quarter-
square dlode multiplier to generate a mmall output. To remedy this
situation, two additional function reolays were added to the circuit

(ses Figure 24} for the purpose of grounding both inputs to the multi-
plier when the error voltags became negligibls (less than 0.1 wolt).
Specifications on the multipliier indicate that its output will be less
than +2 millivolts when both inputs are zero (Ref 8:18). The logie of
the oircuitry incorporating relsy #4 and #5 is that the output of the
bisteble alement simmlation is as follows:

100 volts for e4,> 0.1 volt
“ut * 0 for -0.1<e8;,< 0.1 volt

wlits for 64, <€~0.1 wilt

Procedure for Determining Filter Parameters for Optimum Performance

Linsar lsad-lag Compensstor. The roc ' locus of each plant was
axaminsd to determins the most likely time constants for the lead net-
work portion of the linear lead-lag compensator with which to obtain
optimm performance. Repeated anslog computer runs were made for
various values of time constants and gaina in ssarch of "the" optimm
oparsting point.

SPAN Fiiter. System performance was optimized with bLoth of the
selected SPAN filter configurstions. The first configuration used on
sach of the four plants had Fy as & lead nstwork sad F, a unity gain,
It will be referred to as oconfiguration I for the remaindsr of this
report. For this configuration, the describing functlon shown in

M........" 1
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TABLE II

SPAR FILTER LEAD NETWORK TINE CONSTANT
FOR OPTIMUM PERFORMANCE

(ﬁa ® 001)
METHOD
PLANT DESCRIBING FUNCTION ANALOG COMPUTER
Type 2 » 0.34 seconds
Type 1
(Real Poles) 1.15 seconds 0.76 seconds
Type 1
{Complex Poles) - 1.27 seconds 0.50 seconds
Non-minimum
Phase L 0.1l seconds 0.10 seconds

*pescribing function method not applicable to K/s2 plant

Figure 5 was used to obtain a tims constant value which served as a
starting peint in the snalog computer search for the optimum operating
point. The tims constant was calculated bty determining the frequency
at which the uncompensated plant had a phase angle of -211° and divid-
ing this into 3. The valus wT = 3 provides the maximum displacement
of the pasudo 180° orossover point. Repeated analog computer runs wers
made for various values of time constants and gains. Tsble I im a
comparison of the lsad network time comstants, for a pole-sero ratio
of 10, that were obtained first by use of the describing function and
then by optimization of ths response on the analog oom‘puter. Basad on
the limited number of plants compsnsated, it can be concluded that the
scouracy of selecting an optimum time conatant valus by use of the
desoribing fynction is not only dependent upon the harmonic content of

22
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the SPAN filter output but is also dspendent upon the plant bedng
compsnsated.

The seccnd configuration of the SPAN filter, hereafter referred
to as configuratiom II, lndFl as a3 lead network and!"z as a lag net-
work. After many snalog computer runs in which both lsad and lag time
constants and *‘polo—um ratios were wvaried, it was concluded that tho
value of ths tlna oonstant and pole-serv ratio selscted for the lead
network in configuration I were ths best cholces for the lsad network
in configuration II. No gulde was fourid for determining time oonstant
and pole-saro ratio valuss for ths lag network. Optimiszation of plent
porformance was obtained through a trial and exrroxr procedure. Of the
four plants compensated, only the two Type 1 plants showsd lizproved
performance with configuration II over that obtained with configure-
tion I.

23
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I¥. 4nelysis of Anglog Computer Results

Introduo tdon
The IT4AL wae wee. to determdus when optismse parformanss was

achieved for a atep function inpmt using Modh iivcar lead-lag smd
SPAN filter compensstion. After ths optdaum operating point was de-
tormingd for sash of the compensating filters, rsmp and sinusoldal

inpute wers appliad to detsrmine the coxpensatsd system's response tw
tine vaaylng signels. The rawp function used had & slope of approx-
imstaly 1 wolt per second. Frecusncies of 0.5, 1.0, 2,0, 5.0, and

)
!
¥
M
’
Yy
b
t
i
i
14
?
!

10.0 radianz/second wers used as the cinussidsl inputs, with ths am-
plituds of the input held constant throughout this frequency rangs.
The f£iral chsck mads on plant operation for esach type of campensation
wvas systam sensitivity to gain varistions.

The analog somputer results ussed in this investlgation wsre ob-
tained over a two menth perdod. An effort vay mades to duplicate po- -
tantiomater sattings for each system tested, but it jo qulie psaible
that they differed from time to tims by a few hundredths of a volt.
Othar minor deviaticns in computer performancs could also have cccurred
owmsy whis time period. Ths ITAE valus was 8 most llikely msasurement
to be sensitive to the=o misor variatlons, particularly when its
value was in the ordsr of s few liundredths of a unii. Goweaver, re-
pvated checks of systeam performancs frum tims o time indlcated thei
the valus of the ITAE for a given aystsm operating point varded only
slightly. Therafore, it is balleved that the values oLis!ped cen be

used in a velid comparison of SPAN fiitar wersus ligesar lead-lag com-

pensation.
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The four test plants used will be referred to by a dssuriptiwe
name rathsr than by transfer frnotion throughout the remainder of ihis
report. 7Ths transfer functions of these four plants ware listed in
equations 8 through 11, Part III, and they will be referred to resyws-
tively as a Typs 2 plant, a Type 1 plant with real poles, & Typs 1
plant with complax poles, aad a non-minimim phase plant.

Tsbles sumarizing the optimum performancs of sach plant with
lead-log and SPAN filter compeunsation are contalnad in Appandix D for
step inputs, in Appendix E for ramp inputs, and in Appsndix F for
sinusoidal inputs. Appendix G contains graphs showing the sensitivity
of each systam response to variations in gaia from tha optimum valus.

Arelysis of lype 2 Flant Performance
Step Function Input. The smallest value of ITAE for the Type 2

plent was obrtained with lead-lag compensation. The ITAE valuves ob-
tained with lead-lag, SPAN ocofiguration I, sad SPAN configuration
II compensation were C.04, 0,03, and 0.18 respsctively. For this
plant, the error input to ths ITAE circuit was redusced to zero when
the plant outpui was within $9.7% of its final valwa,

Reapcn=e of this Type 2 plant to 3 stap function input for lsad-
lag and 3PAN filter compensation iz shown in Figure 7. The linssr
compansated system haz & wwch faster rise tims to first zero scror
and has a settling or sclution time that iz 80K of that obdtaimed with
ths SPAN filter compansated system. Ths various performance character-
istics such a8 timem for the errer to reach its firal zexo, time to
reach the meximus psali overshoot, percent peak overashoot, and tiwe
for the ramponse to uettle within 5§ of its Iinal valus ars tahulated

25

[

i
!
e g

Nt s A et s i




aaC/EE/56 ~19

-
3 TIIT T " T ng
3 ; { T o b ;
i : ¥ o s dawns
. .25 ; Sase :
P de
4.
! g .-
T ey
e H s 14
1 + o
1.00 P e
X 1
1 He
1l +
1 et T s v
[} ¢ ae; py be e Ina s y
0.75 - 1 1 y : I "
f s 0 Zod B 4 ‘j M
A5sas e 2
o KEYs i
SSseeaasas )
i3
I Fl- it e 1+
3 ia3%8 S aeass sasus shva) iesd-lag HE
Q 0,55 s iumas et e, H%
< |
 §5 3 Sadadauats fun = - OPAN config. I HH
: s : B
. T L X ] -
e Ssen - SPAN confige. II Y
+ 441
1 + A
v & rHwwe o+
W emel Minwflhvrﬁ‘ wa s
002&3“‘"" T3 Ty T Ty T -
O . e S e T T Tt t + +
L4 b . 5u i e IOBE 81 15 T oIy
2w 11t 8RS WY B T i1t 1
b4 - o 9 I " &) y A i +
1] T 8 0 % Tt s
ag GRS SN anuey S0 : EBRS M ru s n: be T
e 1o My ) el HERSY
H Vs | SRy e b I 04 SOWEE Ty RN IS By :
dp bbbt o 44l
Qs .

0.4 C.8 1.2 1.6
TIME IN SECONDS

FIGURE 7T
COMPENSATED TYPE 2 PLANT RESPONSE
TO STEP FUNCTION INFPUT

26




QGC/ER/66-19

in Table III, Appendix D, for both linsar and SPAN filter compensated
systems.

Romp Function Input. Tabls VII, Appendix E, includes response
date for a ramp function input and Figure 8 shows the responzes ob-
tained with both lead-lag snd SPAN filter componsated systems. The

output of thes Type 2 plant with SPAN filter compensation oscillated
avout the raip slope line whereas the plant output with lead-lag com-
pensation had no steady-state error.

Sirwsoidal Input. Tabulated information for the sinusoidal input
is contained 5a Table XTI, Aypendix F. For the range of frequencies
applied to the input (0.F %o 10,0 radians/second), linear lsad-lag
compsnsation caused the least phase shift of the output. The fre-
quency rwsponse of this plant was approximately the same for input
freocusncies from 0.5 t0 2.0 radians/second regardless of the compen~
sator urad. However, use cf ths SFAN filitsr resulted in a smaller
bandwidth compared to that obtained with lead-’ag coxpansation. Both
linear and SPAN compensated responses tor inputs of 5.0 and 10,0
rediens/second are shown in Figures 9 and 10.

Compensation of the plant with configuration I of the SPAN filter
gave a better ITAE value than that cbtained with configuration II.

Its use also resulisd in a better responss for sinusoidal inputs as
soms distortion of ths output was observed when conﬁ.guﬁtion II com-
pensation was used.

Sensitivity of System Response to Gain Varlations. Figure 25,

Appendix G, i3 a piot of TTAE versus percent change of gein from the
optimum value. Frox this figure it can be seen that, regardiess of

27
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the type of compensation used, the ITAE changed very little for changes
of gain from a 75§ decrease from optimum to a 100% increase above op-
timum. In fact, for configuration IT and lead-lag compensstion there
are suy number of optimum points. For gains less than 75% below op-
timm, the system compsnsated with configuration II of the SPAN filter
was the least sensitive to gain variations.

Analysis of Performance of Typs 1 Plant with Real Poles .
Step Function Input. Use of configuration II of the SPAN filter
to compensate the Type 1 plant with real poles resulted in a lower
value of ITAE than obtained by either configuration I or ths lead-lag
compensator. The minirum ITAE valus obtained with configuration II
was 2.0 whereas ITAE values for lead-lag and configuration I compensa-
tion were 2.4 and 6.3 respectively. Error input to the ITAE cirouit
was reduced to zero for this system when the plant output was within

99% of its final value. An examination of Figure 11 and the informa-
tion tabulated in Table IV, Appendix D, shows that although rise time
to first zero error was longsr with either configuration of the SPAN
filter than with the lead-lag compensator (2.1 seconds versus 1.3
seconds), compensation with configuration IT resulted in a settling
time that was 74% of that required with lead-lag compensation. The
vsclllatory transient was considerably reducad in anplitude by the
use of configuration II.

Ramp Function Input. For a ramp function input, the plant output
with SFAN filter compensation is a ramp funotion superimposed with a

damped oscillation whereaa ths output for lsad-lag compsnsation had no
oscillation. However, the least steady-state error was obtained with
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configuration II compsnsation. QOrephical and tabulsted ramp function
response data are given in Figure 12 and Table VIII, Appesndix E,

Sinusoidal Input. The plant output for SPAN flltier compemsetion
had lessz phase shift at C.5 radiana/second but had a greater phase
shift for frequesncy inputs greater than or squal to 2 radiana/second
then that obtainsd with lsad-lag compansation as sacwa in Table XII,
Appendix F. The data coniained in this table also indicates that the
SPAN filter compensated plant has a smaller bandwidth than ths linear
conpensated plant. System responss for both lead-lag aud SPAN filter
compensation to an input frequenscy of 2.0 radians/sscond is choumn in
Figure 13.

Sensitivity of System Response to Gain Varistions. Figure 26,
Appendix G, shows the effect of gain variations on the ITAE for this

aystam. The lead-lag compansated system was the lsast sensitiwve to
gain increasss from optimum wheress the SPAN filter oompensated iystisx
was the least semsitive to gain decreases. The system coampensated
with configuration I of the SPAN filtsr appears to be less sensitiw
than the oiher compsnsators although ite ITAE wvalus is ths largest

of tho three. No erplanation was found for the pesk in the configura-
tion IT curve; however, a thorough investigation waa 1ot conducted in
this arsa. Study of the system responses for gains in the region
indicated that the plant output dscayed at a slower rate from its peak
overshoot vaius than it did for lesser or greatar gains, Figure 1
contains computar traces ol =mystem responses for different values of
gain in this reglon.
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FIGURE 14
RESPONSES TO STEP INPUTS FOR VALUES OF GAIN

THAT PRODUCED A PEAK IN ITAE VERSUA % CHANGE OF GAINW
CURVE FOR THE TYFE 1 PLANT WITH REAL POLES
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Anxlysis of Perfomance of Type 1 Plant with Complex Poles

Siep Function Imput. Az in the other Type 1 system, the lowest
veiue for ITAE was obtained with configuration II of the SPAN filter
as tiis compsnsator. The ITAE value for configuration 1I was 5.1 as
compared with 8.4 and 15.3 for configuration I and lead-lag compensa~
tion respactively. For the Type 1 plaut with complex poles, the
arror input to the ITAE circuit wus redused to zZero whem the plant
output was within 988 of itsx final vslue., A larger bHias value was
used for this zystem &s the transient response decagyed at a slower
rata than in the other systems.

Step responses forr this systom are shown in Figure 15.‘ Settling
time for the configuration II compsnsated plent was less than one~
nalf of that required with lead-lag compensation. Again, the SPAN
filter compensated plent required mo:e time to reach first zerc arror
than for lead-lag compensetion, but the timss required only differed
by 7%. Tabulated step function Zrput data is provided in Table V,
Appesyix D,

Ramp Functis:: Input. Response of the SPAN filier sompansaled
gyrtem to & ramp functaon it was .« &3 good 33 that obtained with
leai-lag compensation. The steady-state error for SIAN filter ~om-
pensation was at least LOZ greater than that obtained with lead-lag
compensation. Tabulated data for this piant is contained in Tadble IX,

Appendix E.
Sinusoidal Input. The SFAN filter compensated sysiem alsc had

a poorer responme for simisoidsl inputs compared to that obtained
with lead-lag compensation, as incicatad in Table XTII, Appendix F.
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Throughout the frequency rangs of 0.5 to 10.0 radians/ssocnd, the out-
put of the SPAN compensated sywtem had greater phase shift, reduced
bandwidth, and soms distortion. The responsea of both SPAN and lsad-
leg compensated plants to a sinusoidal input of 0.5 radians/second
are showm in Figure 16. -

Sensitivity of System Response o Jain Variations. Figure 27,
Appandix G, sdhows the effect of gain variations on the ITAE for this
system. The output of the plant with SPAN filter compensation was
less sensitivs to gain varistions than with lead-lag compensation.
Contiguration IT compensation produced the least sensitive system,
particularly to gain increasss.

Analywis of Non-minimm Phase Plant Performance
Step Funotion Input. Approximately 0.05 was obtained as the

ITAE valus for the non-mininmm phase plant regardless of the type cof

compensation used. For this plmnt ths error input to the ITAE cir-

cuit was reduced to serv when the plant output was within 99.5% of its

final velue.

Figure 17 and Table VI, Appandix D, contain the response informs-
tion of this plant. A comparison c¢f this data reveals that regardless
of the compensation used, ths symtem responss had approximately the
sams settling time and had little or no overshoot. The primary dif-
ference in the responses axisted in the amount of undershoot. Use ol
the lead-lag compsnsator gave a reaponse with a larger but sarliar
occurring undershoot than that obtained with SPAN filter sompensation.
During the trial and exror procedure of adjusting the paramsters of
configuration If of ths SPAN filter in search of the system optimm

L rii—y R LS N g 4 Coulieem
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operating point, it was determined that ihe optimum point was ap-
poashed a8 the pole-3830 ratio of ¥y, the lag network, approached
wddy (or when ¥, approached s wndiy gain network as in oonfiguration
I). The responses obtained from both oconfigurations differed slightly
50 date for both is contained in Tedble VI, Appendix D. Slight varia-
tions in potentiometer setiings om the amaleg computer wrobably ao-
count for this differencs. Howewsr, becaues of the sinila~tt - of the
Tesponses, only the responss for comfiguratica I in glvwm 1n Maure
17.

As ths response of this wo-minixme phase piant mey = be as
faxdliar to ths resder as the other plmis, ths uncom eness«d response
is also shown in Figure 17. It shoulcd te moticed ix tals figure that
not only did both the lsad-lag end SPAN fllte:r sompansaticn impreve
the rise time to first serc error and recuocs the owsrsmy, but also
they both inoreased the awourt of undsrshoot. If thir mdershoot ia
objentionable in the basic plont, then some type o.° compensstion other
than those d:'._.acusud in this papar must .4 used to» «.axzate or reduce
1t. |

Raxp Funstion Input. Tebulated date for this larw's response
to a raxp function input are contaiad in Tabis X, Apnend.: E. Tho
steady~-state error in the outpui was approcimately the sams for
either compensator, with contiguraticr T hu.ving the isast srror of
the tk-ee.

Sinusoidel Input. The smpiiiuda of tw: plant sutput remeined
quite constant for sinusoidsl frequancy inputs from 0.5 to 10.0
redians/ssocond regardiess o' the type of competsator used. Configura~
tion I of the SPAN filter «sused less phaze shi:it ‘n the cutput for

b2
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all input frequencies exospt at 10.0 redlans/second. Information on
plant fesponss %o sinuscidal imputs is ocontained in Tablse XIV, Appen-
dix . Pigure 18 shows the oompsnssted response for an input fre-
quency of 1.0 redian/second.

Sensitivity of System Responss to Geln Varistions. The effect
of gain variations on ths ITAZ Zor this system iz shown in Figure 28,
Appsndix G. As provicusly menticned, SPAR filter configurations I
and II were very similax., As expeoted, gain variation data for both
configurations wvas also aimilar and therefore only one curve is
plotted for the SPAN filter in Figure 28. The difference in ths
degres of sensitivity between lead-lag and SPAN filter compensated
systems is slight with the SPAN compensated system being the least

asnsitive.
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V. Conolusions

For the four plants used during this investigetion, use of the
8PAN filter as a compsnsator zhowsd little or no over-all improvement
compared with that obtained with the less complex linsaxr lead-lag
compensator. Based on the ITAE, the SPAN filtexr &id improve the step
response of both Type 1 plants used in this study over that obtainad
with lead-lag compsnsation. Ths SPAN filter alsv reduced system sensi-
tivity to gain variations for the Type 1 plant with complex poles.
However, better ramp and sinusoidal responses frca both Type 1 plants
were obtained with lead-lag compsnsation. For the other two plants,
uss of the SPAN mw- slightly improved over-all performance of the
non~-minimum phase plant but provided no improvemsat in the Type 2
plant performance over that obtainsd with limsar lead-lag compensation.

Based on the results obtained in the ares of inveatigstion cow-
sred by this atudy, 1t is concluded that the present concept of the
8PAN filter will not result in a practisal device with gensrel appli-
cation which will provids improved ccmpsnsated response over that
obtained with linsar compensation. This is particularly txus for
those systems which have inputs that are not wolely restricted to a
step function input. As with other nonlinsar compsnsators, thsre may
be some typs of system with which the SPAN filter could be umed to
provids some desirable effect not attainsble with linear compensators.
The indspendsnt control of gain and phase is & desirsble feature but
in the present concept of the SPAN fiiter, this advantage is out-
weighed bv ita disadvantages.
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Appendix A

Uiscussion of Fowrisr Scrias

For a sirascidal imput, the SPAN filter output is abown in

Figures 2 and 3. One-half pericd of the GPAN filter cutput is showm-

here for convenlence.
b
) V

The Fourler series for this output can bo expressed in the fora

o0 o0
f(wt)-zl.incosm-o-zlsnsinm (12)
n- n-

Considsr the case where F, is & unity gain network. Let f de
the phase shift produced by the laad natwork Fl’ than the bistebis
elemsnt switches at the angle b which 13 equal to W - . The co-
efficients of the Fourler seriss are found to be as follows:

forn=~1

Ay = 2 sin (13)
v

By = 1 (2 -1r - sin2b) (a4)
v

L7
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Ay =1 {[-Qcoa(n + 1)b] - [2-2005( n - 1)b.|§ (15)
1w n+l n-1 d

B, » 2 sinn-lb sin(n + 1)t (16)
n q_'._,[ ( ——‘——H—]

The Fourier series can also be expressed as

L d
t(wt) = Zl ¢, sin(met + gy) (17)
n [ ]
vhere Cn = An2 + an (18)
fn = tan™l Ay (19)
Ba

For the case where F; is a lag network, let f be the numerical
sum of the phase shifts obtained in both the lesad and lag networks,

Then the above formulae can be used with the exception that

ﬂn n - + tan-1 Ap (20)

Bn

where e is the phase shift in the lag network.

L8
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Appendix B
Lag Network
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Appendix C

Anslog Computsr Circuits

Amplifier gains sre equal to 1 when they are not marked.

e 7 3
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ANALOG COMPUTER SIMULATION OF NON-MINIMUM PHASE PLANT
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Appendix D '
Tables for Plant Performance for Step Furction Input
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Tables for Plant Performance for Ramp Function Input T
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TABLE VII
TYFE 2 PLANT FERFORMANCE FOR RAMP FUNCTION INPUT

Ramp Slcpe Steady 8tate
Filter (volts/sec.) Error (volts)

Lead-lag 1.00 0.00
SPAN 1 1.04 0.07
S8PAN II 1.00 0.35

62
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TABLE VIII
PERFORMANCE OF TYPE 1 PLANT WITH REAL POLES
FOR A RAMP FUNCTION INFUT

Filter | (verlts/eeny) | Buror (voite)
Lead-lag 1.07 0.75
BPAN I 1.03 0.50
BPA'N 11 1,02 0.12
63

S e |




600/EX/66-19

TABLE IX
PERFORMANCE OF TYPE 1 PLANT WITH COMFLEX POLES
FOR A RAMF FUNCTION INPUT

Ramp Blope 8teady Btate
Filter (volts/sec.) Error (voltse)
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A

TABLE X
NON-MINIMUM PHASE PLANT PERFORMANCE
FOR RAMP FUNCTION INPUT
Ramp Slope Steady Btate

Filter (volts/sec.) Error (volts)

-~
Leesd~lag 1.02 0.18

SPAN I 1,02 0.16

SPAN II 1.01 0.15
—
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TAELE XI
TYPE 2 PLAKT PERFORMANCE FOR SINUSOIDAL INPUT

FHOF | redfrec) | Tt |Theerece] | (% of tnput)
Lead-lag 0.5 1.07 0.0 1.1
1.0 1.10 0.0 3.6
2.0 1.14 0.0 12,4
5.0 1.26 5.8 37.4
10.0 1.48 5.2 107.0
BPAN I 0.5 1.03 0.0 2.1
1.0 1.04 0.0 4,3
2.0 1.10 0.0 11.9
5.0 | 1.45 11.6 109.2
L: 10.0 0.57 12.6 147.0
SPAN II 0.5 1.06 2.4 8.4
1.0 1.07 0.0 11.7
2,0 1.07 0.0 15.4
5.0 1.12 5.8 78.0
10.0 0.78 11.4 164.0
r 7
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TABLE XII
FERFORMANCE OF TYPE 1 PLANT VWITHE REAL POLES
FOR BINUSOIDAL INPUT

racer [ g | e [ranst [ o 5t
Lead~lag 0.5 1.04 6.7 16.1
1.0 1.17 10.4 70.0
2.0 1.30 18.5 185.0
5.0 | 0.16 20.8 117.6
10.0 0.02 28.7 109.2
SPAN I 0.5 | 1.5 57 37.9
1.0 1.92 10.4 170.0
2.0 | 0.38 37.2 143.0
5.0 0.02 23.2 104.0
_ 10.0 103.0
SPAN II 0.5 1.07 3.8 48.73
1.0 1.96 11.0 165.4
2.0 | 0.40 35.5 141.2
5.0 0.03 24,5 102.8
10.0 102.8
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TARBLE XIII
PERFORMANCE OF TYPE 1 PLANT WITH COMPLEX POLES
FOR SINUSOIDAL INPUT

Filter |Frequenc Sout | Phase L2 Error
(rad/sec i (d.egrees? (% of input)

Lead-lag 0.5 0.85 15.4 63.2
“ 1.0 | 0.75 11.5 87.0
2.0 1.74 24,2 241.0
5.0 0.04 46.1 108.0
10.0 0.01 : 108.0
SPAN I 0.5 0.7€ 16.4 5.5
1.0 0.61 12,0 96,2
2.0 0.80 30.8 175.0
5.0 0.02 50.1 104, 4
10.0 104.4

SPAN I 0.5 0.82 12.6 96.6
1.0 G.49 16.8 105.3
2.0 0.39 3243 138.0
5.0 0.01 47.0 103.4
10.0 102.2
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TABLE XIV
NON-}INIMUM PHASE PLANT PERFORMANCE
FOR SINUSOIDAL INFUT

Fiiter mg/“:gﬁ g%;& 1(’222;“: (% Egmizput)
lead-lag 0.5 4” 1.10 00.0 10.0
1.0 1.12 2.3 19.3
2.0 1.13 3.5 37.8
5.0 1.13 10.4 93.0
10.0 1.36 6.9 171.0
B SPAN 1 0.5 1.03 0.0 8.3
1.0 1.02 1.2 16.9
2.0 1.03 2.8 40.0
5.0 1.12 8.7 106.0
10.0 1.27 10.9 200.0
SPAN II 0.5 1.01 i.9 TeT
i.0 1.04 2.3 15.4
2.0 l.02 4.6 37.2
5.0 1.15 10.4 102.2
10.0 1.06 10.Y 212.5
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Vita

John A, Tondl, Jr. was born on 6 Fsbruary 1930 in Ravenna,
Nebreska, the son of John Tondl and imna Tondl. After graduxting
' from Schuyler High Sohool, Schuyler, Nebraska, in 1947, he enlisted
in the United States Air Force. While serving as an enlisted man |
from 1947 to 1954, his duties included toure as an instructor in both
the USAF Rsdar Mechanics School and the USAF Radiological Defense
School. He recsived a commuission ss a 2nd Lieutenmat in June 1954

after greduating from the USAF 0fficers' Candidate School. From
1954 to 1957 he was aseigned as both an instructor and liaison officer

vith the Armad Forces Spscial Weapons Project. In February 1960 he

recedived his Bachelor of Science in Eleetrical Enginssring from the

! University of New Mexico whsre he attended as an AFIT student. From
February 1950 up to his assignment to the Air Force Institute of
Technology, he was maignad in AFIC with duty stations at Chateauwroux
AS, France, and Kirtlisnd AFB, New Mexico.

Permanant address: 805 A Street |
Schuylexr, Nebraska ’

This thesis was typed by Mrs. Ama L. Lloyd. ' |




